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У процесі дослідження розроблено метод геометрично­
го моделювання розподілених систем і пов’язаних з ними 
технологічних об’єктів. В основу методу закладено вико­
ристання функціональних графів. В контексті досліджен­
ня основними відмінностями таких графів є: моделюван­
ня технологічних об’єктів розподілених систем виключно  
вершинами, без застосування ребер для відтворення 
зазначених об’єктів; використання ребер виключно для 
відтворення зв’язків між об’єктами. Зважування вершин 
зазначених графів виконується за допомогою призначених 
функцій або функціоналів з повною відсутністю виваже­
ності ребер.

На відміну від найближчих аналогів, в основу аналітич­
ної інтерпретації сформованих графічних моделей в про­
понованому методі закладені не матриці інцидентності,  
а параметрично-топологічні матриці суміжності. В таких 
умовах істотно змінюється принципи присвоєння вагових 
коефіцієнтів елементів графа: замість позиційного розпо­
ділу елементів вагових множин між комірками матриць 
використовується завдання зазначених елементів в якос­
ті аргументів функцій у складі функціональних вершин. 
При зазначеному підході застосований діагональний спосіб 
прописування функцій або функціоналів вершин в матри­
ці суміжності. Завдання зв’язків між елементами графа 
при аналітичній інтерпретації виконується по введено­
му позиційному принципу із застосуванням додатної або 
від’ємної логіки. При такому підході досягається можли­
вість аналітичного формування множинних зв’язків між 
вершинами з довільною кількістю і спрямованістю, що 
раніше не застосовувалося в складі матриць суміжності. 
Крім цього, присвоєння елементам графа функціональних 
залежностей дозволяє відтворювати в складі геометрич­
ної моделі не тільки статичних, але й динамічних харак­
теристик об’єктів, що моделюються.

Практична цінність пропонованого методу полягає 
в  підвищенні універсальності і спрощенні процедур авто­
матизованої конфігурації програмного забезпечення сис­
тем керування. Досягнення такого результату можливе 
за рахунок скорочення обсягу даних, що вводяться, і мож­
ливості введення додаткових функцій об’єктів керування 
без правки вихідного коду. Додатково забезпечується вдо­
сконалення формалізованого складання технічних завдань 
при розробленні технічної документації та апаратно­
го забезпечення розподілених систем. Крім того, можли­
ва інтеграція методу в існуючі системи САЕ і САПР, що 
забезпечує нарощування можливостей і створення прин­
ципово нових таких систем. 

Подальший розвиток запропонованого методу полягає 
у розв’язанні питань, пов’язаних з оптимізацією розподілу 
аргументів функцій вершин по комірках парамерично-то­
пологічних матриць
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1. Introduction

An important area of scientific and applied research in 
the field of technical sciences and the application of relevant 

results is the modeling of complex control systems and their 
technological objects. The most common is the variation of 
the distribution of such systems in space (taking into account 
both geographical and conditional coordinate features), in  
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particular in transportation, energy, industry, etc. [1–3]. 
Thus, it is convenient and effective to consider the applica-
tion of geometric modeling methods. The latter are based, 
for the most part, on the use of the apparatus of the theory 
of graphs [4, 5]. The analytical interpretation of the graphic 
models constructed in this way is carried out with the use of 
topological or parametric-topological matrices. The basis of 
these matrices is the systemic anatomical properties of the 
graphs, such as: incidence, adjacency, cyclicity, etc. [5].

The application of graph-analytic methods for modeling 
distributed systems and objects lies in two main directions:

– determination and research of system properties of 
information-control complexes, technological and infrastruc-
ture objects with the aim of the further practical usage 
(during construction, operation, maintenance, repair, etc.);

– direct use, including in terms of integration with the 
external means of the user interface, in various types of auto
mated design of information management systems, system 
components of different levels, infrastructural and techno-
logical objects.

The most practically useful, demanded and promising is 
the specific use of graph-analytical modeling. Such modeling 
is the basis for the formation of new computer-aided design 
systems (CAD) for various purposes and use as part of well-
known computer-aided engineering systems (CAE).

Among them, the key software and hardware tools are 
designed to automate the configuration of information ma
nagement systems through distributed objects. The essence 
of the latter is the formation of the image of the technological 
object in the system in the form of a geometric model. The 
mentioned model has to fully reproduce the properties of the 
object within the functional purpose of the system [6, 7].

In recent years, the theory and methodology of graph- 
analytical modeling had a significant development. This is 
explained, above all, by the intensification of the distribution 
and the volume (array) increase of the functional capabili-
ties of information technologies in all spheres of life and in 
the management of responsible technological processes in 
particular. In spite of this, the existing methods and means 
of graph-analytical modeling have a number of significant 
drawbacks and limitations on the effectiveness of the appli-
cation. Among them, the most critical are: the complexity 
and bulkiness of analytical interpretation of the models of 
large-scale distributed systems, and the limited ability to 
reproduce the dynamic characteristics of prototype models.

Thus, the research aimed to simplify the graph-analytic 
reproduction of distributed systems and reduce its limita-
tions becomes relevant. Hypothetically, this problem should 
be solved using the properties of functional graphs.

2. Literature review and problem statement

A lot of works have been devoted to the study of methods 
and means of using the theory of graphs and topological 
matrices during the modeling of technological systems and 
objects. The results of the relevant studies are based, first of 
all, on objects distributed on a plane or in space (railway sta-
tions, interconnected technological units, etc.). The applied 
research topics of recent years come down mainly to the 
introduction of programmable processing of mathematical 
models through computing facilities. 

One of the latest studies related to the use of graphic 
modeling of distributed systems is published in the work [8]. 

It uses an acyclic graph for modeling the directional connec-
tions between the components of the distributed system. The 
reproduction of the dynamic characteristics of distributed 
structure objects in the work is based on the use of methods 
of differential topology. On its basis for each element of the 
graph, an alternating weight is determined, which depends 
on the current state of the nonlinear system. On the basis of 
the application of various laws of the distribution of random 
variables, which include weight coefficients of a graphic mo
del, a set of its static and dynamic properties is reproduced. 
However, the results of such research can be applied only for 
«fuzzy» (stochastic) systems, the use of which is limited in 
the management of responsible technological processes.

A similar approach, but in relation to electronic circuits, 
is proposed in the work [9]. The graphic models implemented 
in it based on the fuzzy character reproduce and change the 
connections between the elements depending on the current 
state of the electronic keys (transistors). Thus, the dynamic 
conversion of the link graph determines the operation of the 
electronic circuit in different modes.

The use of graph-analytic modeling for the formation of 
cellular automata that reproduce the work of complex dis-
tributed systems is considered in the paper [10]. It takes into 
account the variable nature of the transitions between the 
elements of the graph on the basis of the dynamic states of 
cellular automata, implemented on the basis of an example of 
traffic flow regulation. The analytical interpretation of graphs 
is based on the classical matrices of adjacency and matrices of 
routes. Full reproduction of the elements of the graphic model 
is performed with a pair of such matrices, which complicates 
the programmable processing of the model.

In the aspect of the use of graph-analytical modeling as 
the fundamental basis of automated design of technical sys-
tems, a corresponding research is published in the paper [11]. 
It proposes the use of graphic programming languages, which 
are contained in the corresponding CAD systems of complex 
systems. But it also suggests the use of typical interfaces that 
cannot take into account the specificity of each individual 
system, and there is no analytical representation of the crea
ted models.

The use of dynamic graphs for modeling and researching 
traffic flows is considered in the paper [12]. The process is 
based on a combination of dynamic graphs and hybrid automa-
ta in a single geometric model. On its basis the density of trans-
port protocols is estimated in certain elements of the graphi
cally modeled transport network through the probability 
characteristics calculated on the basis of Lyapunov’s theorem. 
Thus, the proposed model is a prototype of a functional graph, 
which can be extended to geographically distributed networks 
with a differentiated distribution density of any kind of flows 
(information, transport units, technological fluids, etc.).

A similar problem is solved in the study given in the 
paper [13]. Unlike the work [12], it uses the distributed 
status of moving objects traffic instead of its point density 
as the basis for it. The paper involves a hierarchical structure 
of a graphic model that has four components. Each of them 
interprets the characteristics of flows, the places of change 
of directions, speed and time of their change. The results of 
the work are integrated into a single geometric model. The 
result of the model is the simulation of moving objects with 
different kinematic parameters, which gives the possibility of 
using it in solving a wide range of tasks. 

The paper [14] operates with the use of induced graphs 
in the problems of designing systems reproduced by the 
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networks of conditional preference (CP-networks). In the 
paper [14], a method for calculating the triple sequence of 
the induced graph of the CP-network is proposed. As a result, 
it is possible to reduce the dimension of graphic models (in 
terms of the number of vertices and edges) for reproduction 
of technological systems and objects of arbitrary purpose. 

The paper [15] considers the aspects of the use of graphic 
models for designing and researching information manage-
ment systems on the railway transport. In particular, the 
method of graph-analytic designing of software for control 
systems by means of reproduction of topological develop-
ment of transport infrastructure objects is proposed. The 
method is based on the reproduction of the weight parame
ters of a graphic model in parametric-topological matrices 
based on the principle of positioning cells. Subsequently, the 
method of analytical reproduction of graphs of large dimen-
sion is proposed by means of determination of indirect sums 
of matrix blocks. However, the model specializes in repro-
ducing exclusively static characteristics of technological ob-
jects. Dynamic properties should be laid down in a constant 
program code. 

A similar approach implemented for the diagnostics of 
complex dynamic systems based on a weighted decentralized 
graph is proposed in the paper [16]. The trajectories for tran-
sitioning a system to an intermediate state that occurs after 
failures and malfunctions is simulated with the use of it. The 
Monte Carlo method determines the probabilistic characte
ristics of various trajectories of the simulated system behavior.

Moreover, the simulation and optimization of traffic flows 
on the basis of a directed acyclic graph is proposed in the 
paper [17]. The model determines the correlation between 
the behavior of road users, with a built-in model of decision 
support. This allows increasing the efficiency of managing 
and controlling the dynamic behavior of distributed systems. 

The paper [18] proposes a theoretical multiplicity repre-
sentation of distributed systems based on the laws of fuzzy 
logic, which is an alternative to the graphical representation. 
The routes thus determined between the components of 
the system are in fact mediated by the interpretation of its 
graphic model. As a result, it is possible to partially reduce 
the number of computations with such modeling.

The issues of improving the interpretation of the matrix 
of geometric models based on random graphs are considered 
in the paper [19]. Similarly to the paper [15], the block rep-
resentation of the topological matrix of a continuous graph is 
proposed. However, the methods of its reverse synthesis are 
not considered. Moreover, the allocation of multiple weight 
parameters to graph elements is not taken into account. In-
stead, the model partially discloses the functional properties 
of the graph elements due to their digital encryption. 

The paper [20] proposes a graphical model for storing file 
data on geographically distributed carriers in the conditions 
of deduplication. The model involves the reproduction of the 
simultaneous use of distributed informational content, and 
the weight of the graph elements determines the information 
load of each of the distributed resources. The model can be 
used to recreate arbitrary characteristics of distributed sys-
tems in the conditions of belonging of the respective compo-
nents to the class of tolerance. 

The generalization of methods, models and algorithms of 
graph-analytical automated designing of infrastructure ob-
jects based on the example of railway stations is given in the 
monograph [21]. Similar to how it is done in the paper [15], 
the geometric representation of the topological development 

of an infrastructure object is foreseen in the paper [15]. 
However, the analytical reproduction is performed not on the 
basis of topological matrices, but on the basis of separate lists 
of incidence and weighted parameters of vertices and edges. 
This reduces the universality of mathematical processing of 
graphic models in a certain way, which is a significant disad-
vantage of the proposed approaches. 

The monograph [22] explains in some way the updated  
graph-analytical methods and models proposed in the 
work  [21] in the part of computer realization and scope of  
application. In particular, it has implemented approaches to 
the use of these types of simulation in the created simula-
tors and other training complexes for operational personnel 
related to the management of infrastructure objects (on the 
example of railway stations).

Either way, it is necessary to generalize the methods, 
models and means of graph-analytical modeling of distribu
ted technological systems and objects, set forth in the wri
tings [8–22]. In the aspect of the application of these cate-
gories in order to research the work and automated design of 
information management systems, one can distinguish such 
general limitations and disadvantages:

– lack of the ability to reproduce the necessary complete-
ness of dynamic characteristics, which is necessary for auto-
mated designing (configuration) of software tools;

– the complexity of positioning the weight parameters 
of graphic models on the cells of parametric-topological 
matrices;

– high probability of errors of model builders for specific 
objects or systems as a result of bulkiness;

– restrictions on the ratio of the power of sets of weight 
parameters of graph elements and the dimension of matrix 
blocks that reproduce graphic models in an analytical way.

Consequently, further improvement of graph-analytical 
simulation methods is to partially eliminate these restric-
tions. This is possible due to the use of functional graphs, the 
vertice and edge functionals of which reproduce both static 
weight parameters and dynamic properties of the reproduced 
objects. 

3. The aim and objectives of the research

The aim of the research is to develop a method of 
graph-analytical modeling of geographically distributed 
complex systems and technological objects, based on the use 
of functional graphs. The method should provide both a re-
production of the dynamic properties of the modeling system, 
and to consolidate and simplify the display of static weights.

To achieve the aim, the following objectives are accom-
plished:

– to determine the basic geometric model and the me
thod of its analytical interpretation in terms of topology, 
taking into account the properties on the basis of which the 
graph-functional model of the system will be developed;

– to determine the method of functional reproduction of 
static and dynamic characteristics, which are modeled by the 
elements of the graph;

– to develop a method of analytical reproduction of 
a  graph-functional model and to consider variations in its 
implementation;

– to formulate recommendations and give examples of 
practical application of the developed method of functional 
graph-analytical modeling.
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4. Materials and methods of graph-functional modeling  
of distributed technological systems and objects

4. 1. Basic geometric model of a distributed system
Based on these methods and principles, a technological 

object or system is represented by ordered sets of compo-
nents of A ai= { },  the connections between them Z zi i= { }+, 1  
and the functional properties of the components U u= { }1 .  

Thus, each element a Ai ∈  corresponds to a single element 
z Zi i, ,+ ∈1  which connects it to the other element a Ai i, .+ ∈1  In 
addition, each element a Ai ∈  is connected to the set of ele-
ments u Uij1{ } ∈ , which set its properties:

( ) ( ! ) : ( ) ,

( ) ( {
, ,∀ ∈ → ∃ ∈

∀ ∈ → ∃
+ + +a A z Z a z a

a A
i i i i i i i

i

       
    

1 1 1

uu U a u fij i ij ijl} ) : ( ){ },   ∈





	 (1)

where fij{ }  is the set of element ai  functions, which is de-
fined by its properties. 

According to the formula (1) and the theory of rela-
tions [12], the elements zi i, +1 define the connection between 
each pair of elements a ai i, ,+( )1  while the subsets uij define the 
connection between a separated property of the element ai 
and the corresponding set of technological functions. Thus, 
the set Z  defines the corresponding relation in the set A, 
while the set U  defines the correlation between the sets A 
and F fij= { } :

( , ) , ,

( , ) , .

a a Z Z A A

a f U U A F

     
     

∈ ⊂ ×
∈ ⊂ ×





	 (2)

The regularities and relations (1) and (2) are partially 
interpreted by means of the weighted p q,( ) graph G V E= ( , ) 
with a set of vertices V v v vp= { }1 2, ,...,  and a set of edges E e e ep= { }1 2, ,..., . 

E e e ep= { }1 2, ,..., .
The sets A and Z, which are defined by the topology of 

the distributed technological object, are directly set by the 
elements of the graph (vertices and edges) and topologi-
cal connections between them (incidence, adjacency, etc.): 
Z V E⊂ × . When aligning the vertices and edges of the pro
perties of the components of an object or system (set U), the 
graph G will reproduce the entire set Y:

Y G G V E A Z V E U g V EY↔ = ( ) { } ↔ { }( ) ∧ ↔ ( ){ }( ), : , , , , 	(3)

where g V E,( ){ } is the set of weight coefficients of vertices 
and edges of the graph G:

g V E g v g eik i
k

n

jl j
l

m

j

q

i

p

, ,( ){ } = ( ) + ( )
= === 1 111
 

	 (4)

where n and m is the number of weight parameters of the i-th 
vertex and j-th edge, respectively.

For the purpose of rational analytical reproduction of the 
graph GY  its division into components by two equally powerful 
sets of cuts ′ ⊂E E  and ′′ ⊂E E is used. The bijective mapping 
of their elements is characterized by the relation of adjacency 
to the defined reference vertices ′vi  according to a certain prin-
ciple (rule). At the same time, the set ′ = ′{ }V vi  of the suppor
ting peaks ′ = ′{ }V vi  is defined by the bijective relation of the 
incidence with each of the sets of cuts ′ = ′{ }E ei  and ′′ = ′′{ }E ei .

As a result, the graph GY  is divided into two ordered sets of 
components K E Gk

E′( ) = { }′  and K E Gk
E′′( ) = { }′′ , formed by the  

corresponding cuts. The graph GY  is completely reproduced by  
the sets K E K EH P′( ) ′′( )  relative to the odd components, 

formed by the cut ′E  and the even components, formed by 
the cut ′′E .

As a method of analytical interpretation of a geometric 
model, which is taken as the basis, the method of direct sums, 
proposed in the work [15] should be used.

Among its variations, it is appropriate to use blocks of 
parametric-topological matrices (PTM), which combine both 
topological and parametric (weight) properties of the geo-
metric models.

4. 2. Method of functional reproduction of static and 
dynamic characteristics of a distributed system

As noted above, all of the graph-analytic models of distri
buted systems, presented, in particular, in the papers [15–22],  
reproduce the static properties of the modeled objects. The 
object dynamic properties are characterized by separate 
models, which are integrated with the static component at 
the interface between the application software and the con-
figuration files. In such models, the distributed and the inter-
connected elements of the system or the technological object 
are reproduced as vertices and edges of the graph (depending 
on the functional purpose). In this case, for each element 
(vertex and edge) of the graph, an ordered set (vector) of 
weight coefficients that determine the static properties of the 
modeled element is assigned. The integration of topological 
and parametric properties of the components of a geometric 
model within the parametric-topological matrices is per-
formed through the principle of positioning – by dividing the 
weight coefficients of the corresponding vectors by the cells 
of the blocks of the corresponding matrices:
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where MPTM k_  is the parametric-topological matrix block, 
which reproduces the k-th component of the graph analytically:

m n n u uij
k

e v
e v= , , , , ,    θ 	 (6)

where ne , nv are the numbers of the edges and vertices of 
a  certain parametric-topological matrix of the graph GY, 
respectively, which correspond to the row and column where 
the element mij

k ;  is situated; ue , uv are the weight parameters 
of the edges and vertices of the element mij

k ; θ  is the topo-
logical property of the edges and vertices of the element mij

k .
The values of the elements ue , uv are assigned by the rule: 
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where u j
e , ui

v  are the weight parameters of the edges and 
vertices.

The topological property θ = ∨ ±0 1  is determined by the 
type of the topological matrices and corresponds to the rela-
tion of the connection of the edge ne  and vertex nv .

The main disadvantages of this approach are: 
– the minimal limitation of the dimension of the para-

metric-topological matrix blocks (and the corresponding 
components of the graph) by the capacities of the ordered 
sets of weight parameters of graph elements;

– the ability to reproduce the topological and parametric 
properties of the geometric model only on the basis of the 
parametric-topological matrices, which use the property of 
the incidence; 

– technical bulkiness and complexity of the formation 
of parametric-topological matrix source blocks; the lack of 
reproduction of the dynamic properties of the modeled object 
or system. 

To eliminate these disadvantages, the use of a func-
tional graph G V F EYF ( ) ,  is proposed. It assumes that the  
components of a distributed system or technological object 
are reproduced by functional vertices, the weight of which is 
defined by the functional F U( ),  which reproduces both stat-
ic and dynamic properties of the components of a simulated 
system or object.

Taking into account the expressions (1)–(7), the for-
malization of the geometric interpretation of the simulated 
system (object) will be: 

Y A U Z G V F U EYF= Ç Ç ↔ ( )( ) { }, ,

where

F U f ui i
i

n

( ) = ( )
=1


is the functional of the distributed components of the system 
(object), each of which has a technological function f ui i( ), 
which determines the dynamic functional properties of the 
corresponding component based on its weight coefficients 
(parameters) vector ui .

The edges E ej= { } in the graph GYF  are unweighted. They 
only determine the relation between the vertices V F v f ui i i( ) = ( ) { }. 

V F v f ui i i( ) = ( ) { }. However, in general, the graph GYF can be either 
directional or non-directional or mixed (Fig. 1).

( )66f u
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( )44f u ( )55f u

( )33f u

Fig. 1. Example of a graph-functional model GYF 	
of a distributed system with the capacities 	

[V ] = 6 and [E ] = 8

Thus, the method based on the graph-functional mo
del GYF  completely reproduces in the geometric sense the 
whole set Y A U Z=   . The graph GYF , unlike the graph GYF , 
simplifies the structure of the graph GYF  due to the absence 
of the weights of the edges and the functional setting of the 
weight parameters. In addition, the graph GYF , unlike the 
graph GY , reproduces the dynamic properties of a simulated 
system or technological object. 

In terms of the parametric and functional-dynamic pro
perties of each component of the system (object), the cor-
responding function f ui i( )  should take into account the 
technological purpose of the component and the logic of 
its implementation in accordance with the weight parame
ters ui . From the standpoint of the graph anatomy, this 
function must take into account the degree (valence) of the 
corresponding vertex vi ,  taking into account its sign. 

The further processing of the geometric model GYF  using 
a computer should be done with its analytical interpretation.

5. Results of the implementation of the graph-functional 
modeling of distributed systems

5. 1. Method of analytical reproduction of the graph- 
functional model

In contrast to the graph GY , the geometric model GYF  does 
not provide a direct assignment of weight coefficients to the 
vertices, and generally does not include such coefficients for 
the edges (since they are unweighted). This order of things 
eliminates the mandatory application of the basic matrix of 
incidence in the analytical reproduction of the model. This is 
due, firstly, to the lack of the need of the positional distribu-
tion of weight coefficients (due to the use of functions f ui i( )),  
and, secondly, due to the lack of simulation of individual 
components of the system (object) using edges. Thus, in the 
general case, any matrix can be taken as the basis for matrix 
reproduction of the graphical model of GYF, such as matrices 
of incidence, adjacency, contours, routes, etc. 

The most obvious and easiest in terms of addition matrix 
among the topological matrices is the adjacency matrix. How-
ever, its essential disadvantage is the impossibility of direct 
reproduction of several edges between two adjacent vertices, 
especially when the assigned edges have different directions. 
However, in the case of encryption of the degree (valence) of 
the corresponding vertex, taking into account its sign, in the 
function f ui i( ) this disadvantage is completely leveled.

In this case, the vector ui contains an ordered subset 
d ui i⊂ , d p p pi i i i= + −{ , , },0  where pi

+ , pi
− and pi

0 is the number 
of edges, which are incident to the vertex vi  with positive, 
negative and neutral valence, respectively. Consequently, 
in this approach, the function f ui i( )  will indirectly deter-
mine the properties of the incidence between vertices and 
edges in any topological matrix, in particular, the adjacency  
matrices.

Given that the adjacency matrix is a symmetric square 
matrix, in it, unlike the incidence matrix, it is expedient to 
apply not a positional but a diagonal principle of reproduc-
tion of the functional properties of the constituent vertices 
of the graph GYF .

In this case, the parametric-topological matrices, which 
are based on the adjacency matrix (APTM), which reprodu
ces the parametric and topological properties of the graphic 
model GYF  according to the given rule (and hence the system 
or technological object modeled by it) will be:
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M

f u

f u

f u
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n

n

_

...

...

=

( )
( )

( )
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13 23 3 3

θ θ θ
θ θ θ
θ θ ....

... ... ... ... ...

...

,θ

θ θ θ

n

n n n n nf u

3

1 2 3 ( )

	 (8)

where M
APTM GYF_

 is the parametric-topological matrix based 
on the adjacency matrix of the graphic model GYF; 

θ θij ji

i j

i j

v v

v v
= =







1

0

, ,

, || ,

if

if



is the topological property of the availability (↕) or the ab-
sence (||) of the adjacency between the i-th and j-th vertices. 

For the graph depicted in Fig. 1, the formula 8 is to be like:

M M

f u

f u

f u

f u

GYF APTM GYF
= =

=

( )
( )

( )
( )

_

1 1

2 2

3 3

4 4

1 0 1 0 1

1 1 0 0 1

0 1 1 1

1 0 0 1 00

0 0 1 1 0

1 1 1 0 0
5 5

6 6

f u

f u
( )

( )

.

The functions f ui i( )  for this graph reproduce not only 
the parametric properties of the graph, but also part of its 
anatomical properties through the vectors d p p pi i i i= + −{ , , }.0   
Given the singularity of the routes between any pair of 
adjacent vertices in this graph, these vectors will have the 
following values for it: d1 1 1 1= { , , }, d2 2 1 0= { , , }, d3 1 1 1= { , , }, 
d4 1 0 1= { , , }, d5 0 1 1= { , , }, d6 1 2 0= { , , }.

For the directed graph, an alternative method, of setting 
the number of edges between adjacent vertices, taking into 
account the direction, without the use of vectors is the en-
cryption of this data in the parameters θij  and/or θ ji . Then, in 
general, θ θij ji≠ . Values of θij  and θ ji  should reflect not only 
the presence or absence of the adjacency, but also the number 
of edges joining the vertices vi  and v j ,  taking into account  
their direction.

In such conditions, in determining the subordination 
between the parameters θij  and θ ji  in the expression (8), the 
basic positive or negative valence principle should be taken 
as the basis.

In the first case, the parameter θ ji determines the number 
of edges incident to vertices vi  and v j , with positive valence 
for the vertex vi  and negative valence for the vertex v j . On 
the contrary, the parameter θ ji  determines the number of 
edges incident to the same vertices, but with the opposite 
valence. Thus, these parameters will be determined in the 
formula (8) in the following way: 

θij

ij
v v

i j

i j i j

E v v

v v v v

i j

=




 ↑

↓







+ −, , ,

, || ,

if

if or0

θ ji

ij
v v

i j

i j i j

E v v

v v v v

i j

=




 ↓

↑







− +, , ,

, || ,

if

if or0
	 (9)

where Eij
v vi j

+ −,  and Eij
v vi j

− +,  are the sets of edges incident to 
the vertices vі and vj, respectively, with the positive valence 

for the vertices vі and negative valence for vj and vice versa;  
↑, ↓ are the conditional noncommutative symbols of adjacen-
cy with correspondingly positive and negative incidence of 
edges with respect to the vertex vі from vj.

When using the principle of negative valence in the  
іj cell of the parametric-topological matrices based on the 
adjacency matrix, the number of edges incident to the 
vertices vі and vj is specified with negative valence for the 
vertex  vі and positive valence for the vertex vj. On the cont
rary, for the cells ji the corresponding valence should be 
reversible. Thus, for this case, the formula (9) is transformed 
in the following way: 

θij

ij
v v

i j

i j i j

E v v

v v v v

i j

=




 ↓

↑


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
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− +, , ,
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if

if or0

θ ji

ij
v v

i j

i j i j

E v v

v v v v

i j

=




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↓







+ −, , ,

, || .

if

if or0
	 (10)

In the case of a non-directed graph, there is no need to 
use both of the vectors d ui i⊂ , and to establish the subordi-
nation between the parameters θij and θji by the formulas  (9) 
or (10). In this case, it is sufficient to indicate the number 
of non-directional edges Eij

v vi j, ,



  which are incident to  

the adjacent vertices vі and vj simultaneously:

θ θij ji

ij
v v

i j

i j

E v v

v v

i j

= =












, , ,

, || .

if

if



0
	 (11)

An alternative to using the vectors d ui i⊂  for the mixed 
graph case (Fig. 1) is the structural synthesis of expres-
sions (8), (9), (11) or (8), (10), (11) depending on the adopt-
ed base valence of the vertices (positive in the first case and 
negative in the second case). 

In such cases, vector elements θ θij ji≠ ,  are used instead 
of scalar elements θ θij ji≠ .  These vector elements are two- 
element ordered arrays in the presence of adjacency between 
the vertices I and j. 

The first element is determined by the expression (9) 
or (10), depending on the chosen base valence. The second 
element is determined by the formula (11). 

For the case of the basic positive valence, the expressions 
for determining the parameters will be as follows: 

θij
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and for the case of the basic negative valence:
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Thus, the analytical interpretation of the graph GYF  
depicted in Fig. 1, using the formulas (8), (12) and the para-
metric-topological matrices based on the adjacency matrix 
has the form:
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using the formulas (8) and (13) it has the following form: 
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As can be seen from the expressions obtained, for the 
graph, any pair of adjacent vertices of which merely connects 
an edge, the corresponding vectors θ θij ji≠  contain only sin-
gle or zero elements in each position. For the more general 
case of a mixed graph (Fig. 2), the value of the corresponding 
positions can be arbitrary and determined by the capacities 
of the corresponding sets.

For the above example, the expressions of the para-
metric-topological matrices based on the adjacency matrix 
according to the formulas (8), (12) and (8), (13) have the 
following form:
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, , ,,

.

2 4 4f u( )

It should be noted that the matrices formed on the basis 
of the basic valence (positive or negative) by the formu-
las  (8)–(13) are asymmetric. This follows directly from the 
properties of the adjacency of the graph elements provided 
that the edges are oriented between the corresponding  
vertices. By providing the substantial redundancy to the 
corresponding matrices, combining the formulas (9) and (10) 
in various ways, one can bring them to a symmetrical form. 
In this case, the anatomical properties in the two parts of the 
matrix will be duplicated. 
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Fig. 2. Generalized example of a graph-functional 	
model GYF of a distributed system with the capacities 	

[V ] = 4 and [E ] = 16

To reproduce distributed systems or large dimension 
objects by using the developed method, a method of direct 
sums, which was used for the parametric-topological matrices 
based on the adjacency matrices in the paper [15], should be 
used. However, the elucidation of the specifics of its appli-
cation for the parametric-topological matrices based on the 
adjacency matrices requires a separate thorough research. 

5. 2. Practical application of the method of graph-ana-
lytical modeling

The most promising area of application of the developed 
method of graph-analytical modeling is automated design 
(configuration) of hardware and software of control systems 
for distributed technological objects.

This issue is especially relevant to the microprocessor 
control systems for railway automatics, mainly for the points 
and signals interlocking. The technological object of such 
systems is the track development of railway stations, the 
research of graph-analytical reproduction of which is done in 
the papers [15–22]. 

Special attention should be paid to improving the me
thods of configuring models for testing systems, which 
should be developed through special procedures in compari-
son with the main means of information and control systems. 

Using the features of assigning the functions f ui i( ) allows 
not only to adapt the application software to the updated 
configuration of the technological object (which allows you 
to make the graphic model GY). The above features also pro-
vide the addition of new types of management and control 
objects and allow setting additional dynamic properties to 
existing objects without correction of the source code.

Thus, the labor costs of software developers are mini
mized during the preparation of a new implementation 
project or during the reconstruction of an automated control 
system.

The application of the proposed method is also possible 
with the use of separate CAE software complexes (CAD in 
a broad interpretation). Among these complexes, EPlan at-
tracts special attention [23, 24].

EPlan was developed by EPLAN Software & Service as  
a unique data management software. It is a modular struc-
tured platform with the following main components:

– Electric P8 – creation of electrical circuits;
– Fluid – creation of hydraulic and pneumatic circuits;
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– PrePlanning – creation of automation circuits;
– ProPanel – creation of 3D electrical cabinets and 

switchgear.
In EPlan, it is possible to implement the following basic 

approaches to formalizing the developer’s solutions and the 
corresponding creation of the project documentation:

1. Creating a project based on conditional graphic desig-
nations.

2. Creating a project based on products from the database.
3. Creating a project based on a defined specification.
In particular, when designing microprocessor control 

systems, EPlan provides extensive capabilities for working 
with programmable logic controllers (PLC). The PLC and 
EPlan configuration programs have different procedures for 
representing the configuration data. When parts of the elec-
trical equipment are presented in EPlan, PLC programming 
software uses the logical order of representation for program-
ming the PLC. For example, EPlan contains plugs of PLC 
devices, which are designed for power supply. These device 
outputs are not required in the PLC configuration program. 
The PLC setup programs, in contrast, contain information 
about the interface, such as router information, which is not 
required in EPlan. The data which is not found by the pro-
cessing program in the exchange file, since other processing 
type does not recognize it, will be added when importing. 

Therefore, the use of the proposed method of preliminary 
graph-analytical modeling allows using the capabilities of 
EPlan as a means of CAE optimally at the stage of prelimi-
nary planning of a project (Fig. 3).

The device identification both in EPlan and in the PLC 
setup program is executed either with the PLC type designa-
tion, or by specifying the basic data file of the device. Using 
these properties, the product is also assigned when importing 
PLC configuration files.

In the tree structure of the PLC navigator dialog box, 
you can select different types to display the PLC data. In all 
types, all of the existing PLC data in the project is displayed 
(ui  parameters), namely PLC blocks, PLC devices outputs 
and f ui i( ). function templates. In this case, both empty PLC 
blocks and PLC blocks, which contain only function tem-
plates, are displayed. 

The specific settings of the PLC control units of the 
bus systems can be exchanged with the various PLC con-
figurations. The PLC data exchange is based on a separated 
exchange file, which implements one processing program 
and reads another processing program. This file can be easily 
exchanged by the design engineer of EPlan and the PLC soft-
ware engineer. The exchange settings installation is generally 
implemented for the entire EPlan project using the special 
dialog interface (Fig. 4). 

Fig. 3. Example of configuring a PLC by means of EPlan using the method of graph-analytical modeling
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In general, the following configuration data may be sub-
ject to change:

– hardware devices data used;
– creation of a frame with product information;
– character table (which may contain a list of assign-

ments, a table of changes, etc.);
– assigning a symbolic program address to a technical 

support address.
Thus, the integration of the proposed method of graph- 

functional modeling with the EPlan application package 
allows you to formalize the process of setting tasks for hard-
ware and software developers. This is done by combining 
the functional vertices with the components of the projected 
system and their corresponding interface windows. Similar 
approaches can be applied to other SAE or CAD systems, 
taking into account the specifics of such systems.

6. Discussion of the proposed method  
of graph-functional modeling

Proceeding from the materials of the conducted research, 
the proposed method of graph-analytical modeling of distri
buted systems in general is based on the world experience 
of using graphic models in the modeling of systems, objects 
and events. The closest models based on the proposed 
graph-functional model are the geometric models of distrib-
uted objects with diverse approaches to analytical reproduc-
tion. Such models have been developed in the last decade by 
specialists in the field of railway transport. 

Generally, depending on the functional purpose, such 
models can be divided into two main groups. The first group 
is used for researching the technological processes in dis-

tributed objects or systems. The second group is used for 
the structural synthesis of objects, systems or components 
(software, technical documentation, etc.).

The closest to the proposed method and the models based 
on it is the graph-analytic method of direct sums based on the 
use of parametric-topological matrices of incidence. From the 
scientific point of view, the main fundamental difference of 
the proposed method is:

 the transition from the interpretation of individual ele-
ments of systems or technological objects by the edges of the 
graph to the full reproduction of the corresponding compo-
nents by the functional vertices; 

– the transition from the positional principle of repro-
duction of the weight parameters of the graph elements to 
the use of such variables as the arguments of functions laid 
at the vertex;

– the direct assignment of the dynamic properties of the 
components of the system or object through the nested func-
tions of the graph vertices;

– the transition from the use of parametric-topological 
incidence matrices to parametric-topological adjacency ma-
trices in the analytical interpretation of geometric models;

– the indirect assignment of the connections between the 
components of a system or object is mediated through the 
purposeful assignment of particular fields or cells of paramet-
ric-topological matrices.

In practical terms, the proposed graph-analytic method 
allows the following:

– forming technical and technological formalized de-
scriptions of distributed systems and objects directly (as 
technical tasks, technical documentation, etc.);

– developing and configuring application software for 
automated control systems forming the dynamic properties  

Fig. 4. One of the interface forms for the project software configuration based on the functional vertex
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of the objects of management and control of the systems by 
assigning the corresponding functions of the graph vertices.

In particular, the method allows optimizing the process 
of setting tasks to software developers through the formali
zation of the structure of the projected control system using 
standard CAD tools. In contrast to the most approximate 
analogue (based on parametric-topological matrices of inci-
dence), the method has such basic advantages as:

– the possibility of assigning new functions of techno-
logical objects directly and introducing new types of objects;

– reducing the amount of data in an array when imple-
menting geometric models;

– simplification of procedures of synthesizing simulated 
distributed systems (objects) and increasing their level of 
visibility.

In this case, unlike the classical approaches based on the 
reproduction of graphs by adjacency matrices, the proposed 
method implements the possibility of multi-path connections 
between adjacent vertices, taking into account the direction 
of the corresponding edges of the graph. In this case, there are 
many variations of such assignment of connections, both on 
the basis of positive and negative or mixed logic. A number 
of examples of such implementation are considered in the 
research, while the detection of a full range of such variations 
requires separate research in the subject field. In particular, 
in the further researches partial-positional distribution of 
arguments of functions on adjacency matrix cells, inverse 
mapping of matrices, association of vertices with common 
functions in separate groups, etc. may be possible.

In this case, the main constraints of the proposed method 
are the adaptability only to those distributed systems, the ele
ments of which can be reproduced only by the graph vertices.

7. Conclusions

1. As a basic geometric model, which is taken as the 
basis of the method, a functional graph was formed. In its 
composition, only the vertices are weighed. The edges of the 
graph are determined only by the connections between the 
vertices, which are interpreted as composite technological 

objects of the distributed system. Instead of the vectors of 
weight parameters assigned to elements of known graphic 
models, the proposed vertices are assigned to object functions 
or functionals, the function arguments become static weight 
coefficients. The dynamic behavior of reproducible objects is 
realized by the nature of the given functions. 

2. The method of functional reproduction of static and 
dynamic characteristics of the system objects modeled by 
a  graphic model is determined. Such reproduction is due to 
the use of functional vertices, the weight filling of which is 
carried out by the builder of the corresponding model. 

3. The method of analytical reproduction of the developed 
graph-functional model is developed. This method is based on 
the use of parametric-topological matrices of incidence with 
the indirect assignment of connections between vertices of 
the graph. In this case, a number of variations of such a prob-
lem are established by the functional division of the indivi
dual fields and the cells of the parametric-topological matrix.

4. Recommendations and examples of practical applica-
tion of the method of graph-functional modeling in the auto
mated design of software of automated control systems are 
given. In particular, an example of the use of the method for 
the purpose of formalized drawing up of technical tasks for 
software developers by combining graph-functional model 
with the application package of E-Plan CAD.

Thus, a more versatile and user-friendly method of geo-
metric modeling of distributed systems has been developed 
and proposed. In contrast to the nearest analogues, it uses 
the functional weight parameters of the graph elements and 
is based on a slightly different mathematical apparatus of the 
matrix interpretation. This makes it possible to simplify the 
procedures of formation of geometric models and to realize 
the dynamic properties of the simulated objects of the system.

Further research in the direction of graph-functional 
modeling of distributed systems will lie in determining the 
number and nature of combinations of methods of indirect 
assignment of connections between the objects of the dis-
tributed system. In addition, in the further improvement of 
the method the partial positioning of the arguments of the 
functions of vertices by the cells of the adjacency matrix is 
hypothetically possible.
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